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1 Introduction

1.1 Graph Isomorphism

Definition 1.1 (graph). A graph G = (V,E) is a set of vertices V (also called nodes) and a
set of edges E ⊆ V × V between the vertices.

Edges can be directed or undirected. An edge of the form (i, i) is called a loop. A graph is
loopless if it has no edges (i, i) for i ∈ V .

Definition 1.2 (isomorphism of graphs). Two graphs G,H are said to be isomorphic if there
exists a bijection σ : VG → VH such that ∀i, j ∈ VG : (i, j) ∈ EG ⇐⇒ (σ(i), σ(j)) ∈ EH . We
sometimes refer to this function as a relabelling function. We denote graphs being isomorphic
with G ∼= H.

Definition 1.3 (Graph Isomorphism). A decision problem. Given two graphs G,H decide
whether G ∼= H.

Example 1.4. The following two graphs are isomorphic. For ease of understanding, the labels
have been kept the same. Note that even if the labels were shuffled, the graphs would still be
isomorphic.

1

2 3

4

1

2 3

4

Example 1.5. Here the labels have again been kept the same.

1 2

3 4

1 2

4 3

Definition 1.6 (adjacency matrix). Given a graph G = (V,E), its adjacency matrix is a
|V | × |V | matrix where the entry in row i and column j for all i, j is 1 if there is an edge
from vertex i to vertex j and 0 otherwise. Without loss of generality, assume the vertices are
indexed from 1 to |V |.
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1.2 Prior results

1.2.1 Weisfeiler–Lehman

TheWeisfeiler–Lehman (WL) algorithm is an algorithm for graph isomorphism first formulated
in 1968 by Weisfeiler and Lehman [WL68]. Despite its age, the algorithm has important and
powerful combinatorial and first order logical properties which make it relevant whenever
analysing graphs for isomorphism.

The algorithm relies on color refinement, which is easiest to think of in terms of a hash
function. Let f be an injective function from finite sets to real numbers. The WL algorithm
iteratively assigns each node a real number value output by f , i.e. a color, based on the colors
of its neighbors. Following the exposition from [HV21], the simplest version of the algorithm
is stated as follows:

Algorithm 1 Weisfeiler–Lehman

Input: G = (V,E)
1: Let f : S ↪→ R ▷ a hash function of sets
2: ∀v ∈ V : c0v = f(deg(v)) ▷ ctv is the color of vertex v at time t
3: repeat
4: ∀v ∈ V : ctv ← f(ct−1

v , {{ct−1
w | (v, w) ∈ E}}) ▷ f takes the color at the previous

iteration and the multiset of all neighboring colors
5: until ∀v ∈ V : ctv = ct−1

v

6: return {{ctv | v ∈ V }}

G and H are distinguished by WL if and only if WL(G) ̸= WL(H) where WL(G) is the
output of algorithm 1.

This version of the WL algorithm is referred to as 1-dimensional WL. Before we continue, we
must define arbitrary dimensional WL, or k-WL, explored by Cai, Fürer, and Immerman. See
[CFI92] for the history.

Algorithm 2 k-dimensional Weisfeiler–Lehman (k ≥ 2)

Input: G = (V,E)
1: Let f : S ↪→ R
2: ∀v⃗ ∈ V k : c0v⃗ = f(type(v⃗)) ▷ v⃗ is a k-tuple of vertices and type is the isomorphism type of

the induced subgraph of v⃗
3: repeat
4: ∀v⃗ ∈ V k, w ∈ V : ctv⃗,w ← (ct−1

v⃗1/w
, . . . , ct−1

v⃗k/w
) ▷ v⃗i/w is v⃗ with w substituted at index i

5: ∀v⃗ ∈ V k : ctv⃗ ← f(ct−1
v⃗ , {{ct−1

v⃗,w | w ∈ V }})
6: until ∀v⃗ ∈ V : ctv⃗ = ct−1

v⃗

7: return {{ctv⃗ | v⃗ ∈ V }}

We call the final value of t in algorithm 2, the number of rounds that the algorithm took.

Example 1.7 ([HV21] Fig. 2 and 3). Here is an example of 2-WL.
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k-WL is used in many places, most notably in Babai’s quasipolynomial time graph isomor-
phism algorithm [Bab16]. As mentioned previously, WL has very important first order logical
properties, which will become relevant later on.

Theorem 1.8 ([CFI92]). Let φ be a first order logical statement (allowing counting) that dis-
tinguishes two graphs, i.e. is true for one and false for the other. Two graphs are distinguished
by φ using k− 1 variables and quantifier depth d if and only if k-WL distinguishes the graphs
in d rounds.

1.2.2 Polynomial Calculus

The polynomial calculus (PC) proof system, first introduced by Clegg, Edmonds, and Im-
pagliazzo [CEI96], is an algebraic proof system. Begin with a set of polynomial axioms
F = {f0, . . . , fn} over a field F in variables X = {x0, . . . , xm}. The basic idea is to use a

4



sequence of derivations which should always output a contradiction if the system of polyno-
mials has no solution over F. The derivation rules for the system are as follows:

1. From nothing, we may derive any fi ∈ F .

2. From nothing, we may derive x2i − xi for any xi ∈ X.

3. From any polynomial g we have derived, we may derive xig for any xi ∈ X.

4. From two polynomials g, h we have derived, we may derive ag + bh for constants a, b.

If 1 (or indeed any constant by the fourth derivation rule) is ever derived using these rules, it
means that F has no solutions. We refer to this derivation of 1 as a refutation. The degree of
the refutation is the maximum degree of any polynomial derived during the process. The PC
proof system is sound and complete, i.e. a refutation exists if and only if F has no solution.

Theorem 1.9 ([CEI96]). If a PC refutation exists given f1, . . . , fm ∈ F[x1, . . . , xn], a refuta-
tion of degree d can be found in time nO(d).

1.2.3 Connection between WL and PC

In 2015, Berkholz and Grohe showed a connection between WL and PC [BG15]. In their
approach, they introduce and utilize a restriction of PC called monomial-PC. In monomial-
PC, we require that the g in the third derivation rule is either a monomial or the product of
a monomial and an axiom.

Proposition 1.10 ([BG15]). Let A,B be the adjacency matrices of two graphs G,H respec-
tively. G ∼= H ⇐⇒ ∃X : AX = XB and X is a permutation matrix.

Given a matrix X let xij be a variable which takes the value at row i and column j. Consider
the following sets of polynomials and let their union be called P . Let VG, EG (resp. VH , EH)
be the vertex set and edge set of G (resp. H).∑

v∈V (G)

xvw − 1 = 0 ∀w ∈ V (H) (1)

∑
w∈V (H)

xvw − 1 = 0 ∀v ∈ V (G) (2)

xvwxv′w′ = 0 ∀v, v′ ∈ V (G), w, w′ ∈ V (H) : (v, v′) ∈ E(G)⊕ (w,w′) ∈ E(H)

∧v = v′ ⇐⇒ w = w′ (3)

x2vw − xvw = 0 ∀v ∈ V (G), w ∈ V (H) (4)

The set of solutions to P are exactly the set of permutation matrices X from proposition 1.10
such that AX = XB. Note that the 4th set of polynomials are already axioms of PC. The first
set of polynomials forces each row to have only one nonzero entry. The second set forces each
column to have only one nonzero entry. The third set of polynomials forces the permutation
matrix to preserve isomorphisms.

Theorem 1.11 ([BG15] Thm. 4.4). Let F be a field of characteristic 0. For two graphs G,H,
G and H are distinguishable by k-WL if and only if there is a degree k monomial-PC refutation
of P over F.
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1.3 Representation theory

We need to define some important representation theoretic terms and concepts that will be-
come important later. We assume the reader is comfortable with undergraduate group theory
and linear algebra. First, let us give some motivation. Consider the following alternative
definition of an isomorphism of graphs:

Definition 1.12 (isomorphism). Given two n-vertex graphs G,H,G ∼= H ⇐⇒ ∃σ ∈ Sn :
G = σ(H).

In other words, if there exists a permutation of vertices of one graph that turns it into the
other, the two are isomorphic.

We can “represent” graph properties with polynomials as follows. Let A be the adjacency
matrix of an arbitrary graph G on n nodes. For each row i and column j of A, let xij be a
variable which takes a value for a fixed graph as in the previous section.

We can encode graph properties via sets of polynomials vanishing.

Example 1.13.
∑

i xii = 0 ⇐⇒ G is a loopless graph.

Example 1.14. ∀i, j : xij − xji = 0 ⇐⇒ G is undirected.

Now let us define what we mean by “represent.”

Definition 1.15 (representation). Given a group G and a vector space V over a field F , a
representation is a homomorphism ρ : G → GL(V ). If dimFV = k < ∞, we can use the
alternate notation ρ : G→ GLk(F ).

We sometimes refer to the vector space V as the representation if the homomorphism is
obvious. Note: G↷ V .

Definition 1.16 (subrepresentation). Given a representation (ρ, V ), a subrepresentation is a
subspace W of V that is invariant under the action of G. Specifically, ρ(g)W ⊆ W, ∀g ∈ G.

What we really mean is that if we instead took a homomorphism of group elements into
just the subspace GL(W ) it would be equivalent to how the homomorphism of elements into
GL(V ) acts on W .

Definition 1.17 (irreducible representation). An irreducible representation or irrep is a rep-
resentation that has no nonzero proper subrepresentation.

The irreps of Sn are very well studied [Jam78][FH91][Sag01][Ste11]. In fact, we can list all
irreps for any n and compute them efficiently.

Definition 1.18 (polynomial model). A polynomial model of a G-representation V is a poly-
nomial ring R on which G acts by ring automorphisms, together with a subrepresentation U
of R, such that U is equivalent to V as a G-representation.

Remember that representations are vector spaces, meaning they have bases. Polynomial mod-
els have sets of polynomials as bases. Any polynomial in a polynomial model is a linear
combination of irrep basis polynomials.

Proposition 1.19. A polynomial vanishes on an orbit if and only if the irrep it belongs to
vanishes.
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1.4 The Big picture

Berkholz and Grohe showed a connection between PC and GI through WL. There is obviously
a connection between representation theory and GI, but it is not known how helpful that
connection is. In our work, we explore the connection between representation theory and PC.

We classify ways to distinguish graphs via differences between slices in three ways increasing
in distinguishing power.

1. Separating modules: specific polynomials that vanish on one graph but not the other.

2. Multiplicity obstructions: an isomorphism type of irreps that occurs in degree d such
that more irreps of that type vanish on one graph than the other.

3. Occurrence obstructions: an isomorphism type of irreps that occurs in degree d such
that at least one irrep of that type vanishes on one graph but none vanish on the other.

2 Polynomials and Weisfeiler–Lehman

Crucial to the WL algorithm is the ability to access node degrees (line 2).

Example 2.1. Consider the following polynomial model. Let G = Sn, F = C, V be the space of
adjacency matrices of graphs with n vertices. For generality, let the entries of these adjacency
matrices be {0, λ} for λ ∈ C.

V ∗
d = Span{

∑
j

xij − dz | ∀i}

Where, z is a variable that takes value λ and d is the node degree we are interested in. ρ maps
permutations in Sn to permutation matrices. Sn ↷ V in the same way as in definition 1.12
(via conjugation).

∑
j xij − dz will equal zero if and only if the node degree of i is equal to

d. In other words, all polynomials in V ∗
d vanish if and only if G is d-regular. Thus, we have

degree-1 polynomials whose vanishing represent node degree.

2.1 Properties detectable by degree-1 polynomials

In order to see what each irrep encodes, we must find what irreps occur in each representation.

Proposition 2.2. The degree-1 polynomials of V ∗
d , denoted V

∗
d [1], break into irreps as follows.

There are 3 copies of the trivial representation, 3 copies of the reflection representation (also
called the standard representation), and one copy each of the representations of shape (n−2, 2)
and (n− 2, 1, 1).

We have the following:
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1. The diagonal trivial irrep vanishes if and only if there are no self loops.

2. The sum of all entries trivial irrep vanishes if and only if the graph has no edges.

3. The diagonal entry reflection irrep vanishes if and only if the number of self loops in the
graph is n or 0, i.e. every node has a self loop or none do.

4. The row sum reflection irrep vanishes if and only if every node has the same outdegree.

5. The column sum reflection irrep vanishes if and only if every node has the same indegree.

6. The irrep of shape (n − 2, 1, 1) vanishes if and only if every induced subgraph on three
vertices has the same number of directed edges going clockwise as counterclockwise. In
particular, this irrep always vanishes on undirected graphs.

7. The irrep of shape (n − 2, 2) vanishes if every induced subgraph on four vertices is one
of the following. There is a more complex corresponding condition for directed graphs.

Proof Sketch. The total dimension of the degree-1 polynomials is n2 + 1, as the adjacency
matrix is n× n and we also have z. Note that all irreps are polynomials over xij, z.

z spans a trivial representation, because Sn acts trivially on z by definition.

The sum of diagonal entries of the adjacency matrix spans a trivial representation.

The sum of all entries of the adjacency matrix spans a trivial representation.

The set of polynomials xii−xjj for all i, j is a basis of size n−1. Furthermore, note that since∑n
i=1 xii is a trivial representation, this must be orthogonal, meaning it must be a reflection

representation. In other words, each polynomial vanishing implies that the diagonal entries
of row i and j are equal. This set of polynomials has a basis {x11 − x22, x22 − x33, · · · } of size
n− 1, so this is a reflection representation.

The set of polynomials
∑

j(xij − xi′j) for all i, i′ is a reflection representation. This irrep
vanishes when all rows of the adjacency matrix have the same sum.
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Similarly, the set of polynomials
∑

j(xji − xji′) for all i, i′ is also a reflection representation.
This irrep vanishes when all columns of the adjacency matrix have the same sum.

The remaining dimension is n2− 3n+1. This implies that there is an irrep of shape (n− 2, 2)
and one of shape (n − 2, 1, 1). We check this by comparing the group action on the these
representations and see that they are identical to the action on the corresponding standard
Young tableaux. To describe the polynomial bases of these irreps, let C be the matrix of
coefficients of all polynomials in variables xij, i.e. Cij is the coefficient for xij. Since these
irreps are orthogonal to all the other ones, for any polynomial basis element in either irrep,
C must have zeroes on the diagonal, and all row and column sums must equal zero. For a
polynomial to be a basis element of the irrep of shape (n − 2, 2), C must be a symmetric
matrix. For a polynomial to be a basis element of the irrep of shape (n− 2, 1, 1), C must be
a skew-symmetric matrix.

Remark 2.3. This means that V ∗
d [1] is exactly the same for every degree, as the spans all

overlap. Thus, from now on, we will refer to the representation as simply V ∗[1].

We can also look at what different multiplicities of the same irreps vanishing means. This
is not interesting for the trivial representations. For the reflection representations, not only
does the number of vanishing reflection representations contain information, but which ones
specifically vanish contains information too.

Proposition 2.4. For each vertex i of the graph, let irefl be a 3-tuple with entries equalling
the number of self-loops of i, the indegree of i, and the outdegree of i. For the whole graph,
we get a point cloud in R3. If just one reflection representation vanishes, the point cloud lies
on a plane. If two vanish, the point cloud lies on a line. If all three vanish, the point cloud is
just a single point. In this case, the graph is also regular.

Example 2.5. Consider the undirected triangle graph. On this graph, all three reflection
representations vanish.

2.2 Simulating logic

Recall Theorem 1.8 linking k-WL and first order logic. Looking at our representation V ∗[1], we
see that we can simulate quantified statements using products of polynomials. If we want to
know if all polynomials vanish, we can simply take a product of them. Existential quantifiers
are a bit more tricky, but can be done, as we describe below.

Immerman describes the FO language of graphs as follows, G = (V,E) for universe V and
binary predicate E (the edge relation), ∨,¬,=, and ∃. Of course, we care about ∧,→, ∀, but
each can be made using a double negation, which we exhibit below.

Let M be the {0, λ} adjacency matrix of graph G. Let φ, ψ be logical statements and f, g be
their corresponding polynomials such that:

f(M) =

{
0 G ̸|= φ

λdeg(f) G |= φ

Polynomial Degree
E(i, j) xij 1

¬φ zdeg(f) − f deg(f)
φ ∧ ψ fg deg(f) + deg(g)

fφ ∨ ψ ≡ ¬(¬φ ∧ ¬ψ) zdeg(f)+deg(g) − (zdeg(f) − f)(zdeg(g) − g) deg(f) + deg(g)
∀i : φi

∏
i fi

∑
i deg(fi)

∃i : φi z
∑

i deg(fi) −
∏

i(z
deg(fi) − fi)

∑
i deg(fi)
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Note that variables of the polynomials do not correspond one-to-one with variables of the
logic of graphs. In some sense, the xij’s correspond to pairs of variables in FO logic, i.e. the
universe can be thought of as V × V . Furthermore, = is not in this table, as any statement
that requires an = or an ̸= can do so in the product declaration of the polynomial.

It turns out, even ignoring the degree blowup for quantifiers, it seems that there is no cor-
respondence between the polynomial degrees and WL-dimension. The degree appears to be
completely dependent on the number of calls to the edge predicate in the logical formula. In
polynomials with variables corresponding to edges, the degrees of polynomials relate to how
many times we look at edges.

3 Simulating our approach with Polynomial Calculus

We decided to turn our attention back to Berkholz and Grohe’s approach. It’s important
to outline the difference between our approach and their approach. Their approach sets
up polynomial equations that are satisfied if there exists an isomorphism between graphs.
Specifically, if there exists a permutation matrix X such that AX = XB. Our approach looks
at the orbits of the two graphs under the action of the symmetric group. Their orbits are
equivalent if and only if they are isomorphic.

Our question became: can we encode orbit equivalence with equations?

Proposition 3.1.
A ≇ B ⇐⇒ ∃f : f(OA) = 0 ∧ f(B) = 0

In other words, A and B are in the same orbit if f(X⊤AX) = f(B) for any polynomial f .

Proof. Let OA and OB be the orbits of A and B, i.e. all permutations of A and B. Let U be an
irrep of polynomials in variables over n× n matrices. If U vanishes on the orbit of A, but not
on the orbit of B, i.e. U(OA) = 0 and U(OB) ̸= 0, then ∃f ∈ U such that f(A) = f(OA) = 0
and f(B) ̸= 0. Moreover, f(X⊤AX) = 0.

Thus, A ≇ B ⇐⇒ OA ∩ OB = ∅ ⇐⇒ ∃f : f(OA) = 0 ∧ f(B) ̸= 0, and in particular via
polynomial calculus, f(B) = 1.

Berkholz and Grohe proved that we could obtain AX − XB. In order to show that our
approach can be simulated, we need to show that we can obtain X⊤AX−X⊤XB = X⊤AX−
B. From there, given some polynomial which vanishes on OA but not on OB, we need to
obtain f(X⊤AX) − f(B). Finally, if we can obtain f(X⊤AX) on its own, we can derive
f(X⊤AX) − f(B) − f(X⊤AX) = f(B) which will be nonzero. Note that we cannot derive
f(B) immediately, since B is a constant in PC. We must do all of this in monomial-PC.

3.1 Results

We can simulate our approach using Berkholz and Grohe’s approach.

Theorem 3.2. Given two graphs G,H, if there exists a representation in degree d that vanishes
on OG but not on OH , then the Berkholz-Grohe equations have a monomial-PC refutation of
degree 2d, and in particular 2d-WL distinguishes G and H.

First, we must derive X⊤AX −B. In order to do that, we must show X⊤X gives the identity
matrix.

Lemma 3.3. There is a degree-2 monomial-PC derivation of X⊤X − I from P .
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Proof. Starting with 4, we can derive ∑
w

(x2vw − xvw)

Then subtract 2 to get ∑
w

(x2vw − xvw)−
∑
w

xvw − 1 =
∑
w

x2vw − 1

This is true when the diagonal entries are one. For the non-diagonals, start with 3 and derive∑
w=w′,v ̸=v′

xvwxv′w′

This immediately gives us what we want. All of this is done in monomial-PC.

Next we prove that we can derive f(X⊤AX)−f(B) using 1, 2, and 4. Note that since we have
derived X⊤AX − B, we can use X⊤AXij − Bij for all i, j. For the proof, we will generalize
this to xi − yi.

Lemma 3.4. Given any polynomial f , from {x2i − xi}∪ {y2i − yi}∪ {xi− yi}, f(x⃗)− f(y⃗) can
be derived in monomial-PC by a derivation of degree deg(f).

Proof. We can construct f(X)− f(Y ) for any f that is a multivariate monomial where each
variable has degree at most 1. Without loss of generality, assume each variable in f is indexed
without any missing indices and each degree is exactly 1. The general formula is

n∑
i=1

(xi − yi)
n∏

j=i+1

xj

i−1∏
k=1

yk

This is clearly in monomial-PC.

We can further convert this to arbitrary monomials. Assume we want to increase the degree of
the index 1 variable. Starting from x1x2 · · · xn−y1y2 · · · yn, we can add (x21−x1)x2 · · · xn. This
will produce x21x2 · · · xn − y1y2 · · · yn. We can do the same thing for the y’s. Now that we can
derive f(X)−f(Y ) where f is an arbitrary monomial, we can combine them straightforwardly
to get an arbitrary polynomial. This is all done in monomial-PC and the highest degree of
any monomial derived during the process is equal to the highest degree of f .

We now just need to derive f(X⊤AX) by itself. To do that, we prove something stronger.

Lemma 3.5. P is a Gröbner basis [CLO15].

Proof. Fix a degree-lexicographic ordering of monomials. We need to check 2n−1 remaninders.
The first, is between 1 where w = 1 the first row and 2 where v = 1. The general formula is

x11 + x12 + · · ·+ x1n − 1− (x11 + x21 + · · ·+ xn1 − 1)

x11 + x12 + · · ·+ x1n − 1− x11 − x21 − · · · − xn1 + 1

x12 + · · ·+ x1n − x21 − · · · − xn1

11



We can then subtract off column sum from 1 with same starting monomial by above ordering.

x12 + · · ·+ x1n − x21 − · · · − xn1 − x12 − x22 − · · · − xn2 + 1 Subtract

x13 · · ·+ x1n − x21 − · · · − xn1 − x22 − · · · − xn2 + 1 Simplify

x13 · · ·+ x1n − x21 − · · · − xn1 − x22 − · · · − xn2 + 1− x13 − x23 − · · · − xn3 + 1 Subtract

x14 · · ·+ x1n − x21 − · · · − xn1 − x22 − · · · − xn2 − x23 − · · · − xn3 + 2 Simplify

...

−(x21 + x22 + · · ·+ x2n)− (x31 + x32 + · · ·+ x3n)− · · · − (xn1 + xn2 + · · ·+ xnn) + n

−
n∑

i=2

(
n∑

j=1

xij − 1)

The last polynomial is a sum of axioms from 2.

The remaining 2n remainders are between x1i + x2i + · · · + xni − 1 and (x21i − x1i) or xi1 +
xi2 + · · ·+ xin − 1 and (x2i1 − xi1). For the first case, the strategy is

x1i(x1i + x2i + · · ·+ xni)− 1− (x21i − x1i)
x1ix2i + · · ·+ x1ixni

x1ix2i + · · ·+ x1ixni − x2i(x1i + x2i + · · ·+ xni) Subtract

x1ix3i + · · ·+ x1ixni − x2i(x2i + · · ·+ xni) Simplify

...

−2x12x13 − 2x12x14 − · · · − 2x12x1n − 2x13x14 − · · · − 2x13x1n − · · · − 2x1(n−1)x1n

The strategy is symmetric for the other case. In essence, if we start with a column sum, we
are left with a sum of −2xijxij′ where j and j′ are two different columns. If we start with
a row sum, we are left with a sum of −2xijxi′j where i and i′ are two different rows. These
binomials are all present in 3. All of this is done in monomial-PC and uses degree twice that
of any remainders.

Since P is a Gröbner basis, we can derive f(X⊤AX) using degree 2 deg(f). The only thing
left to prove is that any such possible f is contained in the ideal generated by P if fk is in
the ideal for some k, i.e. the ideal generated by P is radical.

Proposition 3.6 (Proof due to Grochow). If I ⊆ F [x1, . . . , xn] contains x
2
i −xi for all i, then

I is radical.

Proof. Note that an ideal I is radical if and only if R/I has no nonzero nilpotent elements
(aka R/I is reduced.)

Let J = ⟨x2i − xi : i ∈ [n]⟩. Since each generator of J is on a different (set of) variable(s),
we have F [x]/J ∼=

⊗
i F [xi]/(x

2
i − xi), which is the coordinate ring of the direct product∏n

i=1{0, 1}, the Boolean cube. (It is not hard to show by direct calculation that in the
univariate polynomial ring ⟨x2i − xi⟩ is radical, since its generator is square-free xi(xi − 1).)

Now, we know that SpecF [x]/J consists of 2n isolated points, so we must have F [x]/J ∼=
F × · · · × F , one copy of F for each of the 2n points. The isomorphism is given by taking a
polynomial f ∈ F [x]/J to its 2n-tuple of evaluations on the points of the Boolean cube. Let
π be this isomorphism.

But now suppose J ⊆ I ⊆ F [x]. Then F [x]/I ∼= F 2n/π(I). But as F is a field, the only
ring quotients of F × · · · × F are again of the form F k for some k ≤ 2n, and thus F [x]/I is a
subring of a direct product of fields, hence cannot have nonzero nilpotent elements.
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It is also clear that this argument generalizes to any ideal of the form ⟨f1(x1), f2(x2), . . . , fn(xn)⟩
where each fi is a squarefree univariate polynomial, instead of the ideal of Boolean equations
J .

Proof of Theorem 3.2. Suppose V is a separating module in degree d, and f is in V . Then we
know that f vanishes on OA, so we know that some power of f(X⊤AX) is in the ideal. But
because the ideal is radical, in fact f(X⊤AX) is in the ideal. Combining lemmas 3.3, 3.4, and
3.5, we can derive f(X⊤AX) − f(B) − f(X⊤AX) = f(B). If f vanishes on OA and not on
OB, then we have a refutation in monomial-PC of degree 2d.

3.2 Implications

This implies that separating modules (1) can be simulated by 2d+1 = O(d) dimensional WL.
Moreover, since the orbits of graphs are finite, thus closed, if two graphs are not isomorphic,
then their orbits under the action of Sn are disjoint. This is also true in projective space,
meaning that there must exist a homogeneous polynomial h that vanishes on one graph and
not the other.

Lemma 3.7 ([Gro15] Lemma 3.1). If any property can be used to proved a lower bound
against a G-invariant complexity class, then a G-invariant property can be used to prove the
same lower bound.

Corollary 3.8. If we consider the Sn representation that h generates, it vanishes entirely
on one graph, but not the other, which means in particular that there exists an irrep which
vanishes on one graph but not the other.

This means that separating modules are no stronger than monomial-PC and thus no stronger
than WL.

4 Approach via multiplicities

We are now looking at multiplicity obstructions. Our first approach was to check all possible
combinations of irrep multiplicities and see if it is even possible to distinguish all graphs. We
only need to consider representations of Sn/G for subgroups G ≤ Sn, because for any algebraic
group Γ, if OrbΓ(x) is a variety, then it is isomorphic to Γ/StabΓ(x).

4.1 Results

One natural way to relate subgroups of Sn or permutation groups, to graph isomorphism is
via automorphism groups.

Definition 4.1 (graph automorphism group). Consider the set of all automorphisms of a
graph G, this forms a group, and in particular a permutation group.

By the above fact about algebraic groups, conjugate automorphism groups do not distinguish
graphs via multiplicities.

Definition 4.2 (cycle index). The cycle index of a group is the generating function for the
multiset of its cycle types.

Theorem 4.3. The multiset of irrep multiplicities of Sn/G are in bijection with cycle indices
of G.

13



Proof. Let M be the character table of Sn. Let u be the cycle index of G and v be the
cycle index of H for G,H subgroups of Sn. The multiplicities of Sn/G is Mu by Frobenius
reciprocity, and similarly for Mv.

For the first direction, if u = v, then the multiplicites of Sn/G equal those of Sn/H and so
Sn/G = Sn/H. For the other direction, ifMu =Mv, then becauseM is square and invertible,
then u = v.

4.2 Current work

There are examples of non-conjugate automorphism groups that have the same cycle indices.

Example 4.4. ⟨(1854)(2376), (27)(36), (16)(28)(35)(47)⟩ = Z4◦D4 and ⟨(27)(36), (1746)(2835)⟩ =
Z2

2 ⋊ Z4 are two groups that are not conjugate, but have the same cycle indices.

We are currently looking at when non-conjugate automorphism groups with identical cycle
indices arise.

Proposition 4.5 ([Wie94][Cam04]). A permutation group G ≤ Sn on Ω a set of n elements is
said to be 2-closed if every permutation of Ω which preserves all the G-orbits in Ω×Ω belongs
to G. More generally, the 2-closure of G is the group of permutations which preserve all the
G-orbits on Ω× Ω.

All automorphism groups of graphs are 2-closed.

This means that we only need to look at 2-closed permutation groups. Here is the Sagemath
code we are using.

def duplicate_two_closed(n): # Function takes n and returns the (order, group) of any

2-closed subgroup of S_n whose cycle index is indistinguishable from another↪→

G = SymmetricGroup(n)

subgroups = G.conjugacy_classes_subgroups()

print("Filtering 2-closed subgroups")

two_closed_subgroups = [sg for sg in subgroups if is_two_closed(sg)]

orders = [sg.order() for sg in two_closed_subgroups]

print("Checking for duplicate orders")

duplicate_orders = [order for order in orders if orders.count(order) > 1]

duplicate_order_subgroups = [sg for sg in two_closed_subgroups if sg.order() in

duplicate_orders]↪→

cycle_indices = []

total = len(duplicate_order_subgroups)

print("There are "+str(total)+" duplicate order subgroups that are 2-closed")

for sg in duplicate_order_subgroups:

cycle_indices.append(sorted([g.cycle_type() for g in sg.list()]))

indices = [i for i, elem in enumerate(cycle_indices) if cycle_indices.count(elem)

> 1]↪→

all_duplicate_subgroups = [(duplicate_orders[i], duplicate_order_subgroups[i])

for i in indices]↪→

return all_duplicate_subgroups

def is_two_closed(G): # Checks if a group is 2-closed

try:

return str(gap.IsTransitive(G)) == "true" and gap.Order(gap.TwoClosure(G)) ==

G.order()↪→

except:

print(G, 'produced an error')

def automorphism_groups_of_constructed_graphs(group,n): # Constructs graphs from

group using algorithm from Cameron (n is S_n)↪→

14
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group_orbits=list(libgap(group).Orbits(tuples([1..n], 2),libgap.OnTuples))[1:]

orbits_powerset = group_orbits

r = range(2, len(group_orbits) // 2 + 1)

for i in r:

print(i / max(r))

orbits_powerset += [list(x) for x in itertools.combinations(group_orbits, i)]

for subset in orbits_powerset:

G = Graph()

if len(subset[0]) <= 2:

G.add_edges([tuple(x) for x in subset])

else:

for i in subset:

G.add_edges([tuple(x) for x in i])

autG = G.automorphism_group()

print(autG, autG.order())
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